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' §1. Introduction 

^ ; In order to find more about the solutions of the Yang-Baxter quantum equations, Drinfeld 

O^! firstly introduced the notion of Lie bialgebras in 1983 (see [4]). Since then this issue has 

caused wide public concern (see [5], [6], [13]). Witt and Virasoro type Lie bialgebras were 

introduced in [16], which were further classified in [14]. The generalized case was considered 

in [15]. Lie bialgebra structures on generalized Virasoro-like and Block Lie algebras were 

{Nj \ investigated in [18] and [10] respectively. The same problem on the g-analog Virasoro-like 

£T) '• algebra was settled in [3]. In the paper we shall concentrate on this problem on a more 
t-h ; - — 

! completed Lie algebra sl 2 (C g [x, y}), which is closely related to the g-analog Virasoro-like 

. algebra. 

Fix a nonzero complex number q which is not a root of unity. Let C q be the C-algebra 
t—{ • C q [x,y] defined by generators x, y and relations yx = qxy. Firstly, we introduce the Lie 
> ! algebra C = sl 2 (C q [x, y}). Set = (0,0). For k = (h,k 2 ) G Z| , m = (m u m 2 ) G Z| \{0} 
^ . and i = 1,2, define the following elements of £ 

e k = E 12 x k 'y k \ / k = £ 21 xV 2 , h = E n - E 22 , e^m) = E u x m 'y m \ 
which form a basis of C and satisfy the following brackets 

[6i (k), / m ] = -g feim Vk +m , [e 2 (k), / m ] = / 2mi /k +m , 
[ei(k),e m ] = g fe2mi e k+m , [e 2 (k),e m ] = -g fcim2 e k+m , 
[e k , / m ] = q k2mi e 1 (k + m) - q m ^e 2 (k + m), 
h(k), 6,(m)] = %(g fe ^ - q m2kl )e t (k + m), 

[ek, e m ] = [/k, /m] = [h, ei(m)] = 0, [h, e k ] = 2e k , [h, / k ] = -2/ k . 
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This Lie algebra appeared during the study of some extended affine Lie algebras in [1] and 
while taking q — 1 limit of the quantum toroidal algebras in [17]. Representation and central 
extensions of the loop algebra with the algebra of Laurent polynomials replaced by a quantum 
torus [12] attract a great many specialists and scholars (see [9], [11], [2], [7] and [8]). In this 

paper, we investigate the Lie bialgebra structures on $l 2 (C q [x, y]) with replacing Laurent 
polynomials by polynomials. 

For convenience we introduce the following notations 

£ki,k 2 = e k, "^fci.fca = /k) Gm 1 ,m 2 = e l( m ); 'Hm 1 ,m 2 = e 2(m), V = h. 

Then the relations can be rewritten as follows under the new basis notations 

[£fci,fc2; ^1,22] lr fci,A;2! J~h,h] 0, [5mi,m2!^ni,n2] 0) 

\P, ^fci,fc 2 ] — 2ffei,fe 2 ) [P> •^Jfei.ks] — — 2J 7 fel)fc2 , [D,Q mi)m2 ] = [D,% mijm2 ] = 0, 

\C, T 1 — —n mi>C2 T \%l T 1 — n m2kl T 

[yrai ,rri2 > •> k\Jt2\ H •> mi+fei,W2+fc2) L ''-mi,m2 ) fcl , fc2 J V ~ r mi+ki,m2+k2i 

\Ci F 1 n m 2k\c \nj p 1 _ n m i fc 2C 

[b>mi ,r?i2 5 ^fci ,fc 2 J y ( -"mi+ki,m,2+k2i ["mi ,m2 ; ^fej ,fe2 J V t 'mi+«i,m2+fe 2 ) 

r/7 rj 1 — (V m2ni _ n n 2mi\(-> 

[ymi ,m2) ^ni,rt2j W <i Jb'm 1 +ni,m2+n2 j 

[-1/ O/ 1 _ ( n nri2ni _ r .ri2rn 1 \nj 

[n.mi,m2! rl -ni,n2i vV y y 'T-mi+ni ,m2+ri2 > 

f g fc2Zl £ fel+h , fc2+ , 2 - q l ^n kl+hM+h if (h + h,k 2 + l 2 )^ (0,0), 
~ \ q ^V if (An + + i a ) = (0,0). 

Introduce two degree derivations £>i and £> 2 on £, i.e., 

[X>i,P 2 ] = [A, 2?] = 0, 

[X>»,x] = /cjX for x e C klM , x = 1,2. 

Then we arrive at the Lie algebra £ = £ © C£>i © C©2 which we shall consider in this paper. 

It is easy to see that £ possesses the following triangular decomposition: £ = £„ © f) © £ + 
with 

zL = 0CF fcl)fe2 , £ + = 0C£ fclifc2 , i}=-f> ©£©^, 
where ^ = CD © CPi © CV 2 , Q = C£ mi , m2 , ft = © Cft mi , m2 . One 

(mi,m 2 )^(0,0) (mi,m 2 )^(0,0) 

can find the maximal commutative subalgebra of £, denoted Af = CV © CT>i © C^o,™ © 

® CH ,m- And £ is Z x Z-graded: £ = £ fcl)fe2 with £ klM = C£ klM © CT klM © 

(fei,fe2)ez| 

C^ ljfc2 © Cn klM for (Ai, fc 2 ) ^ (0, 0) and £ ,o = C£ ,o © C^o.o © CP © CD X © CP 2 . 
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Recall the relevant knowledge on Lie bialgebras, which could be found in [10] or [18]. For 
any C-vector space £, denote £ the cyclic map of £®£®£ with £(xi®X2®X3) = X2®x%®xi 
and r the twist map of £(g) £ with r(xi ® £2) = x 2 <E> #i for any xi, X2, £3 G £. A Lze algebra 
is a pair (£, 5) of a vector space £ and a linear map 5 : £ <S> £ — > £ (the bracket) admitting 

Ker(l - r) C Ker<5, 5 ■ (1 ® 5) ■ (1 + £ + £ 2 ) = 0. 

A L«e coalgebra is a pair (£, A) of a vector space £ and a linear map A :£—>■£ <g> £ (the 
cobracket) admitting 

ImAcIm(l-r), (1 + £ + £ 2 ) ■ (1 ® A) • A = 0. (1.1) 
For a Lie algebra £, we always use the symbol "•" to stand for the diagonal adjoint action 

X ■ (XX ® b i) = XX °i] ® &t + «t ® [X, 6j]). 

j i 

Definition 1.1 A Lie bialgebra is a triple (£, 5, A) admitting the following conditions 
(£, S) is a Lie algebra, (£, A) is a Lie coalgebra, 

A5(x, y) = x ■ Ay — y ■ Ax, V x, y G £ (the compatibility condition). (1.2) 

Denote by 11 the universal enveloping algebra of £ and by 1 the identity element of It. 
For any r = X« ® frj G £ ® £, define r % \ c(r), i, j = 1,2,3 to be elements of it <8> it (g) it 

r 12 = E«i ® b i ® 1, r 13 = J>i ® 1 ®6i, 

i j 

r 23 = X)l (g> j <g) 6i, c(r) = [r 12 , r 13 ] + [r 12 , r 23 ] + [r 13 , r 23 ]. 

i 

Definition 1.2 (1) A coboundary Lie bialgebra is a 4-tuple (£, S, A,r), where (£, <5, A) is a 
Lie bialgebra and r G Im(l — r) C £ ® £ such that A = A r is a coboundary of r, where A r 
is defined by 

A r (x) = x ■ r for x G £. (1-3) 

(2) A coboundary Lie bialgebra (£, 5, A, r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation 

c(r) = 0. (1.4) 
The main result of this paper can be formulated as follows. 
Theorem 1.3 Every Lie bialgebra on C is triangular coboundary. 
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§2. Proof of the main result 

The following lemma can be found in [4] or [14]. 

Lemma 2.1 Let £ be a Lie algebra and r £ Im(l — r) C £ <S> £• 

(1) The tripple (£, [-, •], A r ) is a Lie bialgebra if and only if r satisfies (1.4). 

(2) For any x £ £, 

(1 + f + C 2 ) ■ (1 ® A) ■ A(x) = x ■ c(r). (2.1) 

We also obtain the following lemma. 

Lemma 2.2 Regard C® n (then copies tensor product of C) as an C-module under the adjoint 
diagonal action of C If r £ C® n satisfying C ■ r = 0, £ li0 ■ r = and Tip ■ r = 0, then 
r = 0. In particular, if x ■ r = for all x £ £ and some r £ C® n , then r = 0. 

Proof. We can write C® n as £® n with 

£m= E £ mi ®£ m2 ®---®£ mn . 
mi+m 2 H hm„=m 

For any r = £ since Pi • r = D 2 • r — 0, we have r m = r , i.e, 

r = E r mi,m 2 ,- - ,m„-^mi ® L m2 ® ' " " <S> Lm n i (2-2) 

mi+m 2 H hm n =0 

where r mi m2 ... mn £ C, L mj £ £ mj . for 1 < j < n. Define a total order on Z n by 

z < j |i| < |j| or 

|z| = \j\ but there exists a g such that i q < j q and i p = j p for p < q, (2.3) 

where i = (i u i 2 , - ■ ■ i n ) e Z n , j = j 2 , • ■ ■ j n ) £ Z n , and |i| = Ep=i V \j\ = Ep=i V 

Choose the maximal summand appearing in (2.2), denoted by (ni, n 2 , ■ ■ • , n n ), under the 
convention of (2.3). Since £i j0 • r — 0, there is L nj = £ nj or L nj = £/& + 7~t-k,o f° r 1 < j < n 
and some k £ Z, otherwise we would obtain a higher summand. Then, by J-^o • r = 0, we 
obtain L nj = 0, which gives r = 0. □ 

An element r £ Im(l — r) C C ® C is said to satisfy the modified Yang-Baxter equation if 

x • c(r) =0, ViG£. (2.4) 
According to Lemma 2.2, we immediately obtain 
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Corollary 2.3 Some r G Im(l — r) C £ ® £ satisfies (1.4) if and only if it satisfies (2.4). 

Regard V = C®C as a £-module under the adjoint diagonal action. Denote by Der(£, V) 
the set of derivations & : C — > V, namely, S> is a linear map satisfying 

@([x,y]) = x-@(y)-y@(x), (2.5) 

and Inn(£, V) the set consisting of the derivations v- lim , v G V, where v- inn is the inner 
derivation defined by 

f inn '. x i — y x ' v. (2.6) 

Then 

H\C, V) = Der(£, V)/Inn(£, V), 

where if 1 (£,V) is the first cohomology group of the Lie algebra C with coefficients in the 
£-module V. 

Proposition 2.4 Der(£, V) = Inn(£, V), or equivalently, H l (C,V) = 0. 

Proof. Note that V = C® C = Vk are Z 2 -graded with 

kez 2 

V k = E £ m <8> £ n for m, n G Z| . 

m+n=k 

A derivation ^ G Der(£, V) is homogeneous of degree k G Z 2 if ^(£ n ) C Vk+ n for all n G Z 2 . 
Denote 

Der(£,V) k = G Der(£,V) |deg^ = k} for k G Z 2 . 

Let 3l G Der(£, V). For any k G Z 2 , we define the linear map £^k : £ V as follows: For any 
/i G £ n with n G Z 2 , write ^(/i) = J2 m ez 2 with /i m G V m , then we set ^k(/w) = /^n+k- 
Obviously, ^k £ Der(£, V)k and we have 

9= E ^k, (2.7) 

kez 2 

which holds in the sense that for every fi G C, only finitely many ^k(yu) 7^ 0, and ^(/i) = 
Skez 2 ^k(/u) (we call such a sum in (2.7) summable). 

We shall prove this proposition by several claims. 
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Claim 1 7/n G Z x Z\ {(0,0)}, then @ n G Inn(£,V). 

Proof. Denote T = {(fci,/^) | h G Z, z = 1, 2} and T = Span c {X>i, X> 2 }- Define the nonde- 
generate bilinear map form C 2 x T — > C, p(c) = (c, p) = c\p\ + C2P2, for c = (c±, c 2 ) G C 2 , 
p = piX^i + p 2 T> 2 G T. By linear algebra, one can choose p G T with p(n) 7^ for 

n G Z x Z \ {(0,0)}. Denote v = (p(n))~ 1 ^ n (p) G £ n . Then for any x € £ k , k € T, 
applying ^ n to [p, 2] = p(k)x, using @ n (x) G V n +k, we have 

p(n + k)^ n (z) - X • ^ n (p) = p • n (z) - X ■ @ a (p) = p(k)^ n (x), 

i.e., @ n (x) = v- mn (x). Thus ^ n G Inn(£, V). □ 
Claim 2 o (£>i) = %(V 2 ) = 0. 

Proof. Applying 3> to [£>i,2;] = fcix and ["D 2 ,a;] = k 2 x for x G C^M' we obtain that 

x ■ ^0(^1) = x ■ %{V 2 ) = 0, Thus by Lemma 2.2, %(V ± ) = %{V 2 ) = 0. □ 

Claim 3 Replacing QIq by QIq — u- inn for some u G Vo, one can suppose &o{C) = 0, i.e., 
% G Inn(£,V). 

The proof of this claim will be done by several Subclaims. 
Subclaim 1 By replacing by QJq — u inn for some u G Vo, one can suppose 3>q(Cq) = 0. 

Proof. It is well known that the first cohomology group of s/ 2 (C) vanishes on finite dimen- 
sional modules. And the subalgebra {£0,^0, V} can be regarded as the Lie algebra sl 2 (C). 
Then the subclaim follows from a very simple computation which shall be omitted here. □ 

Subclaim 2 @a(u) — c u ■ (£ <8> Tq + Tq <g) £q + 1/2V ® V) for some c G C, where u G £0,1 
or u G C\fl. 

Proof. For any F 01 G £0,1, denote ^0(^0,1) as 

y e e °0£o,o®£o,i + y$&£o,i®£ ,o + yf %,o® Ai+2//°oo£o,i ® Ao 
+y$%, ® £o,i+^o%,o ® no^+yf^o,! ® £>+<%i ® £>i 

+y ® Ao +yfo°i Ao ® ^0,1 +y f hm JI 'ofi &H ,i +y s d 01 Fo,i®t> 



//oo- 7 0,1 ^ o,o-ry 9 oi- 
-y£ ,1 J c b,i®I > i +2/£ 01 -7 r o,i®£>2 + yfoo£o,i®£o,o +y/S^o,i®^b,o 
-yf ^0,1 ® V+y^Go,! <g> Pi+ ^ 2 01 ^o,i® X> 2 + y28>Wo,i ® £0,0 
-2/J° 1 ^o,i®^b,o+2/f ^0,1 ® ^+< 1 H ,i®^i+< 1 Ho,i® P 2 

-y e d 01 p ® £ ,i + ^01 13 ® + yii ^ ® ^0,1 + y^oi £> ® Wo,i 

-ySi^i ® £0,1 + yjl^i ® 7*o,i + 4i^i ®^o,i+yfei I> i ® ^0,1 
-y^Pa ® £b,i + 2/?oi^2 ® 7o,i +j/g 1 P 2 ®^o,i+2/Si^2 ® ^0,1 • 



f2.8) 



(2.9) 



For any Yi s o G £1,0, denote ^0(^1,0) as 

y^S 0>0 (8 £i, +yt$£i,o <8 £0,0 + <8 ^i,o+2/f ^i,o ® 

+y 9 e ?o^o,o <8 0i,o+2/fi O £o,o <8 Wi )0 + y?°£i,o ®V + y£°S lfi <8 P x 

+?/d2°^l,0® 2?2 + J/2o -^0,0 ® ^LO + Z/foO^LO ® £0,0 + ^/^0,0® ^1,0 

+y/Jo°^i,o®^o,o + 2/ g / i o°^o,o® 01,0+2/^0,0 ® ^i.o+rf^i.o® ^ 

+2/l 10 ^l,0 ® Pl+^-Fl.O® Z>2 + J/S&,0 ® ^0,0 + ^00^1,0 ® Ao 

+J/f O 0i,o ® P + y£°0i,o® £>i + i/£°&,o <8 P 2 + 2/eW°^i,o ® ^0,0 
+yjoo^i,o ® •Fo.o+J/^i.o ® V+yE°Hi,o ® V 1 +y£°U 1> o ® P 2 
+y d el0 V ® £ 1>0 + ^ 10 P ® JT li0 + ^ 1Q P ® £ 10 + y rf 10 D ® Hi, 

+3/eio^i ® ^1,0 + yjio^i ® ^1,0 + y&A ® &,o + j/fio^i ® fti,o 

+J/el0^1 ® ^1,0 + y.f 2 10^2 ® Flfl + V%T> 2 (8 0i, O + ^j Q P 2 ® Hi, . 

Applying O to [P, £ 0) i] — 2£o,i> using Subclaim 1 and expression (2.8), we can simplify 
0o (£0,1) as 

ef^S^G^^fl^H^f^^V^ £ ,i<8Pi+C S ,i <8 P 2 
+efoo0o,i®£o,o+eZ^o,i®£o,o+ef ol P®£o,i+eeoi^i®£o,i+eeoi^2®£o,i- 

Applying O to [P, J-0,1] = _ 2J r o,i 5 using Subclaim 1 and (2.8), we can simplify ^0(^0,1) as 

//o°i%o ® 0o,i+// o °i%o ® ^ ,i+/i 01 ^o,i ®^+/£ 01 ^0,1 ®^i+// 2 01 ^o,i ®^2 
+/jS0o,i ®^o,o+/ / h o 1 ^o,i®^o,o+/ / d oi^®^o,i+/; o i^i ®J r o 1 i+/^2®J r o,i. 

Applying O to [P, o ,i] — 0, using Subclaim 1 and expression (2.8), we can simplify 0o(0o,i) 

as 



^i£o,o®^o,i+^ £o,i®^o,o+^fo i°Ao ® ^,i+sS^o,i ® £0,0 
+^ O1 0o,i ® T>+g^g QA (8 Pi + ^ 2 O1 o ,i ® P 2 + ^ 01 H ,i (8) P 
+4 01 ^o,i ® ^i+4 01 ^o,i ® V 2 +g d g01 V (8) 0o,i + ^01^ ® #0,1 

+4l P l ® ® ^0,1+^1 P 2 ® 00,1 + ^1^2*8^0,1. 
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Applying O to [P, %o,i] — 0, using subclaim 1 and expression (2.8), we can simplify £#o(H 



0,1, 



as 



^/oi^o.o <8> -T 7 3,1 + ^/00^0,1 <8 -T 7 ^fi + h^QiJ 7 ] <8 £0,1 + ^{00 ^ 3,1 ® £0,0 
+^ O1 0o,i ® V + ^^00,1 (8) Pi + h^g 0A ®V 2 + h^Ho,! <8 P 
+^ 01 ^o,i (8 Pi + /4 01 ^o,i (8 P 2 + ^01^ ® 0o,i + ^01^ ® ^0,1 
+^ 01 Pi ® 0o,i + ^ 01 Pi ® H ,i+hf 01 V 2 (8 0o,i + ^ 2 oi^2 ® ^0,1 ■ 
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Applying O to [D, 8^0] = 2£i i0 , using Subclaim 1 and expression (2.9), we can simplify 
0o (£1,0) as 

Applying O to [Z?, J-^o] = —2.7-1,0, using Subclaim 1 and expression (2.9), we can simplify 
% GFi,o) as 

//i°o%o®£i,o+//^ 
+// 9 1 Vo®^o,o+//^ 

Applying O to [P, <?i i0 ] = 0, using Subclaim 1 and expression (2.9), we can simplify ^o(^i,o) 
as 

+gf°Gifi®V + 9d fg lfi ®v 1 + 9d fg lfi ®V 2 + gf°H ltQ ®V 

(2.1o) 

+9% 0/ Hi,o®Vi + 9^1,0 ®V 2 + g* w T>® g lfi + g d hw V®U lfi 
+9%V 1 ®G Xfi + gfaPxtoHxp + g? w V 2 ®g 1)0 + g d h \ V 2 ®U lfi . 

Applying O to [X>, 7^i,o] = 0, using Subclaim 1 and expression (2.9), we can simplify 
%{Hi,o) as 



^-/lO^O^®^ 7 l,0 + ^/oo£l,0 ® ^0,0 + ^10 -^0,0 <8> SxjQ + htf^JF; 1,0 ® £0,0 

+^ 10 6?i,o ® £> + <°^i,o ® Pi + <°^i,o ® ^2 + hf°n lfi ® 2? 
+h^°n 1 , o 0V 1 + h h d l°H lfi ®V 2 + h d gW V g lfi + ^ 10 P (g) w 1)0 
+^0^1 ® ^1,0+^10^1 ® H h0 +h%T> 2 ® G lfi + h d h \ V 2 (g) Hi, . 
Applying O to [£7o,i, %i,o] = 0, we get the following identities 

„M)1 _ _W)1 _ „h01 _ „d _ „di _ „d 2 _ n 

yd — ydi ~~ yd 2 ~~ y/ioi — 9 mi — 9 mi — u > 

, glO _ ,gl0 _ iglO _ , d _ udi _ . d 2 _ n 
ijfclO _ „di _/oo _ /01 _ , /10 _ /oo 

~~ i/gOl' i/eOl ~~ i/eOO — ""eOO ~~ ' 4 el0 > 
i,* _ _901 e00 _ _e01 _ LelO _ J,e00 

'^10 ~~ ydi ' y/01 — y/00 — "700 — "710 ■ 
Applying O to [£?i,o, "%o,i] = 0, we get the following identities 



(2.17) 



(2.18) 



n hl0 

9d 


= <C = 


„/il0 _ 

yd 2 _ 


9hw ~ 




9 d h \o = 0, 




= < = 


c= 


h d — 


n g0l - 


*5i = 




= 9glQl 


9e00 ~ 


-a f0 ° 

9el0 


~ h f °° 


~ u e00 J 


udi 

lb mi 


glO 

~ 9d 2 > 


„e00 _ 

y/10 - 


_ elO 

y/oo 


- h e01 

— /oo 
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Applying % to [£0,1,^0,1] = and [£1,0, "Hi.o] = 0, we have 



' i e00 


h f °° 
u e01 


- a f0 ° 

— 9e01 


i/eOO ' 




d 2 

— 9gQll 


n h01 


901 
= 9d 2 




h e01 
n f00 


- n e01 

— y/00 


„e00 
i//01' 


>C 


- o dl 

— 9gl0i 


n hlO 


glO 

= 9 dl 


h fl ° - 
u e00 


h f °° 
' i elO 


- o /0 ° 

— i/elO 


/10 
fleOO ) 


/,e00 


- h eW 


- n eW 

— y/00 


„e00 

9fw 



(2.20) 



Applying % to [£ ,i,£o,o] = £0,1 and [% ,i,£o,o] = -£0,1, we have 

p e00 _ o„d _ eOO _ /,e00 „e00 _ „e00 i 9 „d d 2 _ d 2 _ d 2 _ud 2 _id 2 

o h01 _ ,,/01 , 9 (iOl _ J./01 _9J,h01 „e01 _ „901_ e 01_ „/i01_ ;,e01 _ i,ff01 . 7 hOl 
e e00 — 9e00^~ z '9d ~ ~ u e00 " l d ' e d — i/d y/00 i/d ~' L f00 u d ^' l d 1 

p <?01 _ 2 oOl _ /01 _ , /01 _ eOO _ eOO , n d _ LeOO _ 2 h d (2 21' 

p e01 _ „S01 fcOl tfcOl LflOl d _ _ /00_ d _ h f00_rd , h d 

c di ~ 9di_ 9di ~ lb d 1 n di ' e e01 — i/ffOl yeOl i/frOl ~~ ' 4 e01 ' i 9 01 ^ ' <7i01 ) 

di _ di _ di _ 7 di _ 7 di eOl _ 901 _ feoi _ LhOl _ LffOl 
e e01 — y s oi 9h01 — n h01 n g01> e d 2 ~ 9d 2 9d 2 — n d 2 a d 2 ■ 



Applying £t to [£ ,i,£o,o] = 0, we have 

eOO _ eOO , ~ d _ q 2 eOl , gOl _ hOl _ n (9 221 

Combined with equations from (2.18) to (2.22), we obtain that 



901 _ , mi _ d 2 _ , d 2 _ di _ 010 

9d 2 — u d 2 — 9g0l — u h01 ~ 9 g w — 9d x 1 

n d _ n 901_ h h01_ h h01_n n 90l_ h hm_ d l _,di _ h hW_ h d 2 

9 g m — 9 d —> L d — ,L d — u 5 9 dl ~ n d 1 —9gQ\ — ' l ba\ — n d 2 — ri hvai 

„e00 _ _ r ,e01 _ _ n f°° _ n f 01 _ /,e01 _ _UeOO _ /,/00 _ _l/01 
y/01 — y/00 — i/eOl — 9e00 ~ rt fOO ~ "701 — "eOl — ' t e00 

- „ e 0° - _^elO _ _„/°° _ J 10 - /^elO _ _/ 1 e00 _ ?) /00__, /10 

— y/10 — y/00 — 9el0 — 9e00 — u f00 ~ n fW ~ "-elO — ,L e00 ■ 



(2.23) 



By the similar method, applying ^ to [{?i,o,£o,o] = £1,0 an d ["Hi,o,£o,o] = — £i,o, one has 

9 d 9W = 9 9 d 10 = h d hw = h™ = 0. (2.24) 

Applying 2> Q to [^1,0,^0,0] = —^1,0 and [^0,1,^0,0] = —^0,1, owing to expression (2.11) and 
(2.15), there is 



f/00 

JglO 


- -a m 




f/00 

) JhW 


- n f0 ° 4- 2o d f /10 

— 9el0 ^ z i/hl0' idi 


- _>io 4. ^0 

— 9d! + ydi > 


f/ilO 
i/00 


— y/00 + 




fSlO_ 
J/00 ~ 


" 9 f 00^ z 9d 1 Jd 2 - 


- i/d 2 + yd 2 ) 


f/00 
JgQl 


— i/eOO 


^2^ 01 , 


f/00 
iftOl 


- a 100 + 2a d f m 

— 9e01 ^ ^i/hOl' Jd 2 


- yd 2 + i/da ) 


fd 2 

J f '01 


- o d2 - 

- 9g01 


9m\i 


f9 01_ 

i/oo 


y/oo+ z y>.i> Jdi ~ 


_ Ml , 901 

3d! + fdi ' 


f/iOl 

Jf 00 


- n e01 + 

— y/00 + 




fdi 
J/01 


— i/gOl i/hOl' /d _ 


-_ o / 01 _>01 , 901 

- yeoo yd +yd 


f di 

J no 


- 9gl0 


a dl 
y/iic 


fd 2 

J no - 


d 2 _ d 2 fd 
i/glO i/hlO' //oi — 


„e00i„d „d 
9fQl^~9g0l 9mv 


fd 
J no 


_ „e00 

- y/10 


+ y 9 d io- 


~ 9hioi 


f/10 _ _ fW _ hW , sio 
Id ~ 9e00 9d + fd • 



(2.25) 
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Redenoting % + u inn by %, where u = g 9 ^V 2 ® V 2 + gf'V 2 ® V x + g d ^{D Y <g> V 2 + 
fi'gio^i ® then using equation (2.18)-(2.25), one has 

%(Qo,i) = doii^ofi ® ^0,1-^0,1 ® ^0,0-^0,0 ® ^b,i + 5d,i ® Fo,o), 

@o(Wo,i) = -gloii^ofi <S> ^0,1-^0,1 ® £o,o - £o,o ® Ai + ^o,i ® ^b,o), 

o (£o,i) = ^o°i (fo,o <S> 0o,i-£o,o ® n ,i-£ ,i ®T> + 0o,i ® £o,o-H ,i <8> £ ,o-^ ® £o,i), 

^0(^0,1) = -gSii^Ofi ® ^o,i-Ao ® ^0,1-^0,1 ® X> + 00,1 ® Ao-%,i ® - ^ ® Ai); 

%(Gi,o) = Qioii^ofi <8 Zifi-Fifi <S> £o,o~£o,o ® ^i,o + £i,o ® ^o,o), 

^o("Hi,o) = -fl'foT (-^0,0 ® ^1,0-^1,0 ® ^o,o-^o,o ® ^i,o + £i,o ® ^b,o), 

o (£i,o) = ^01 (£0,0 ® ^1,0-^0,0 ® «i,o-fi,o ® ^ + Si,o ® ^0,0-^1,0 ® ^0,0-^ <8> £1,0), 

^0(^1,0) = -^o i°(Ao ® 0i,o-^o,o ® ^1,0-^1,0 ® X> + 0i,o ® ^0,0-^1,0 ® Ao - ® 7"i, ). 

By careful observations and patient calculations, taking Ql = g(Qi(£o<8>J r o + J r o®£o + l/2'D<g) 
T>), one can check that 

#(£ ,o) = gloi(£o ®V + V®£ - l/2(2£ ®V + 2V® £ )) = 0, 
@(Fo,o) = g££{-V ® ^0-^0 ® 2> + l/2(2f ® 2P ® £ )) = 0, 
#(£>) = 0, 

#(0o,i) = 0o(0o,i), #(Wo,i) = ^0(^0,1), #(fb,i) = %(£o,i), = ^0(^0,1), 

#(&,o) = 0o(0i,o), #(Wi,o) = 0o(Wi, o ), ^(^1,0) = ^0(^1,0), #(^1,0) = ^0(^1,0). 

Since £ ,i = Span c {0 O) i, %o,i, £0,1, ^0,1} and £ 1)0 = Span c {0 ljO , "Hi, , £1,0, ^1,0}, w e complete 
the proof of Subclaim 2. □ 

Subclaim 3 %(£) = 0. 

Proof. According to the fact that the algebra £ is generated by the set 

{£•0,05 J 7 3,0) T^Xi ^2? ^1,0? J 7 1,0; ^0,1) J 7 3,1) ^0,n> £n,0 I n £ ^>o}; 

and using all of the above Subclaims, we only need to prove 

%(Qo,n) = %(Qn,o) = for all n G Z >x . 
For some n > 2. Applying @ to [D, Qo,n] — 0, using Subclaim 1, we can simplify ^o(Qo,n) 
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as 

,n—m 0,71— m 

,71— m 0,n— m 

+££ ,n ® © + 6^0,n ® X>i + £ 2 So,n ® ^2 + C^0,n ® £> (2.26) 
+Cl^O,n <8> Pi + C2^0,n ® ^2 + ® 0O,n + ® £o,n 

+£ 2 + X>2 ® £ ,n + ® ^0,n + Cl + ^1 ® ^0,n + C 2 + ^2 ® 

where, m G Z, < m < n and /3o = /3 n = Aj~ — /?n — 7o = In = 7o~ = 7n = 0- Without 
confusion, we would assume a n +\ = = for convenience. 
Applying % to [£ ,i, Go,n\ = 0, there is £ 2 = C2 = = (2 and 

where < m < n. Thus, a m = a+ = for < m < n. 
Applying % to [Hi t0 , £0,71] = 0, we have 

fa = 7m = 7+ = C = Ci = C + = Ci + = 6 = £i + = 0, 

where < m < n. 

Now, we can simplify @o(Go,n) as 

0,71— m + ££o,n ® V + e + P (8) O ,n, (2-27) 

where mGZ, 0<m<n and Po = (3 n = 0. 

Since o (£i,o) = ^o(£i,o) = %(Go,i) = 0, then %(£ m , n ) = 0. Applying % to 
[£0,0, Go, n ] = £o,n, we have £ ,o ■ ^o(£o,n) = 0, which equal to 

An = £ = £ + = 0, (2.28) 

for < m < n. Thus, @ (Go,n) = 0. 

Similarly, by the same method, we can obtain @o(G n ,o) — 0. 

Then this subclaim follows. □ 
By now, we have completed the proof of Claim 3. □ 

Claim 4 For any 3l E Der(£, V), (2.7) is a finite sum. 

Proof. Since Ql — 5^, by the above claims, one can suppose & mi ,m, 2 — Ki.mjian f° r 
kez 2 

some v mijtna E V mi>m2 and {m 1 ,m 2 ) E Z| . If P = {(mi,m 2 ) G Z^ | v mijtna 7^ 0} is an 
infinite set, by linear algebra, there exists p E T such that l o(m 1 ,m2) 7^ for (m l7 m 2 ) G T', 
Then ^(p) = J2( mi m 2 )er' Pi m i^ m 2) v m, 1 ,m 2 is an infinite sum, which is not an element in V. 

This is a contraction with the fact that & E Der(£, V). 

This proves Claim 4 and Proposition 2.4. □ 
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Lemma 2.5 Suppose v G V such that x ■ v G Im(l — r) for all x G £. T/ien t> G Im(l — r). 

Proof. It is easy to see that Im(l — r) = ker(l + r). Then for any v G V such that 

£ ■ v E Im(l — r), one has (1 + r)(£ • u) = 0. Noting that r commutes with the action of 

£ on V, we obtain £ ■ (1 + r)i> = (1 + t){C ■ v) = 0, which together with Lemma 2.2, forces 
(1 + t)v = 0. Then this lemma follows from the fact that Ker(l + r) = Im(l — r). □ 

Proof of Theorem 1.3 Let (£, [•, •], ^) be a Lie bialgebra structure on £. By (1.2), (2.5) and 

Proposition 2.4, A = A r is defined by (1.3) for some r G £®£. By (1.1), ImA C Im(l — r). 
Thus by Lemma 2.5, r G Im(l — r). Then (1.1), (2.1) and Corollary 2.3 show that c(r) = 0. 
Then Definition 1.2 says that (£, [•,•], A) is a triangular coboundary Lie bialgebra. □ 

Acknowledgements The authors would sincerely like to thank the referee for the invaluable 
comments, in particular providing the much simpler proofs of Subclaim 1 in Claim 3 of 
Proposition 2.4 and Lemma 2.5, which help us avoid the heavy computations. 
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